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1 Introduction
Supersymmetry (SUSY) has been studied in particle physics for a long time as a promising
candidate of the theory beyond the Standard Model. On the other hand, it has been re-
vealed that SUSY has an intimate relation to complex geometry in mathematics. Indeed,
it is well known that target spaces of N = 1 and N = 2 SUSY nonlinear sigma models
(NLSMs) must be Ka¨hler [1] and hyperka¨hler manifolds [2], respectively. It is important
to construct these manifolds because they frequently appear in field theories with/without
supersymmetry, supergravity and superstring theories. For instance, moduli spaces of
Bogomol’nyi-Prasad-Sommerfield monopoles are hyperka¨hler manifolds [3, 4]. The gravi-
tational instanton which is the self-dual solution in the Euclidean Einstein’s equation forms
the hyperka¨hler manifold [5, 6]. The low energy effective actions of the N = 2 SUSY gauge
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Classical type Exceptional type
compact type U(n+m)U(n)×U(m)
SO(2n)
U(n)
Sp(n)
U(n)
SO(n+2)
SO(n)×U(1)
E6
SO(10)×U(1)
E7
E6×U(1)
non-compact type U(n,m)U(n)×U(m)
SO∗(2n)
U(n)
Sp(n,R)
U(n)
SO0(n,2)
SO(n)×U(1)
E6(−14)
SO(10)×U(1)
E7(−25)
E6×U(1)
Table 1. Irreducible Hermitian symmetric spaces.
theories in the Higgs branch are the NLSMs on the hyperka¨hler manifolds [7, 8]. The
NLSMs on hyperka¨hler manifolds have been intensively studied since they involve a lot
of solitons such as domain walls, lumps, etc (for review, for instance, see [9]). Although
hyperka¨hler manifolds appear in various fields in particle physics, it is difficult to construct
them because of their complex symmetry.
Recently there have been developments to construct N = 2 SUSY NLSMs in the
projective superspace formalism [10–14], which is an N = 2 off-shell superfield formulation
in four-dimensional space-time.1 In this formalism, N = 2 SUSY NLSMs on cotangent
bundles over Ka¨hler manifolds have been constructed [17–23]. A key observation in the
developments is that once a certain N = 1 SUSY NLSM is obtained, this model can be
extended into the N = 2 SUSY NLSM with use of the projective superspace formalism. If
we have theN = 1 SUSY NLSM on the Ka¨hler manifold, we can obtainN = 2 SUSY NLSM
on the cotangent bundle over the Ka¨hler manifold. The target space of the N = 2 SUSY
NLSM is shown to be an open domain of the zero section of the cotangent bundle [17, 18].
Namely it is hyperka¨hler. There is also a similar development in mathematics: it is proved
that for a Ka¨hler manifold M a Ka¨hler structure on an neighborhood of the zero section
of the cotangent bundle over M exists [24–26]. The proofs in [17, 18] and [24–26] were
performed independently. Based on the observation in [17, 18], the N = 2 SUSY NLSMs
on the cotangent bundles over the irreducible Hermitian symmetric spaces (HSSs) except
the non-compact exceptional types of them have been constructed [17–23]. The irreducible
HSSs classified by Cartan [27] consist of compact type and non-compact type. They are
summarized in table 1.
Let us see more in detail about the recent developments of construction of N = 2
SUSY NLSM. The projective superspace consists of the standard N = 2 superspace and
the so-called projective coordinate ζ parameterizing SU(2)R/U(1), where the SU(2)R is
an internal symmetry of the N = 2 SUSY algebra. Superfields are defined on a sub-
space of the projective superspace. While there are several superfields on the subspace,
a relevant one for constructing SUSY NLSMs is called the polar multiplet which repre-
sents hypermultiplet. Starting with an N = 1 SUSY NLSM on a Ka¨hler manifold M in
terms of chiral superfields, the N = 2 SUSY extension is obtained by replacing the chiral
superfields with the polar multiplets and integrating over the subspace of the projective
superspace [17, 18]. The model obtained is written by fields representing the base manifold
coordinates (chiral superfields) and tangent vectors (complex linear superfields) along with
an infinite set of unconstrained auxiliary superfields. After eliminating the auxiliary fields
1There is the harmonic superfield formalism [15, 16] as another N = 2 off-shell superfield formulation.
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the model represents the N = 2 SUSY model on the tangent bundle over M, which we
write Stb. Exchanging the tangent vectors in Stb to the cotangent vectors with the aid of
the generalized Legendre transformation [12], we obtain the N = 2 SUSY NLSM on the
cotangent bundle Sctb over M.
One of the main problems to obtain N = 2 SUSY NLSMs in the above method is to
solve the equations of motion for the auxiliary fields. While various ways to solve them
have been proposed in constructing the N = 2 SUSY NLSMs on cotangent bundle over
the HSSs [17–23], the useful one is to use the properties of the HSS and SUSY [21]. This
is applicable to all the HSSs. The way in [21] allows us to derive the general formula
for the tangent bundle over the HSSs. Another problem is to perform the generalized
Legendre transformation. It is technically difficult to perform it for all the HSSs to obtain
the cotangent bundle from the tangent bundle. It is easy to implement for all the compact
and non-compact classical types of HSSs [17, 18, 20] and the compact exceptional HSS
E6/SO(10)× U(1) [21]. However, it is difficult for the compact exceptional HSS E7/E6 ×
U(1). Accordingly another method has been developed [23] based on the result in [22].
In [22], the general form of the cotangent bundle over any HSS is derived. Afterwards, a
different form is obtained in [23] and it has been applied to derivation of the N = 2 SUSY
NLSM on the cotangent bundle over the compact exceptional HSS E7/E6 ×U(1).
In this paper we construct the N = 2 SUSY NLSMs on cotangent bundles over the
non-compact exceptional HSSs, M = E6(−14)/SO(10) × U(1) and E7(−25)/E6 × U(1)2 by
using the results for the HSSs elaborated in [22] and [23]. To this end, we need to derive the
Ka¨hler manifoldsM, which have not been known yet. With the explicit forms of the Ka¨hler
potentials of M, we apply the result in [23], where a more useful formula for the action of
the cotangent bundle over any HSSs is derived, and obtain the N = 2 SUSY NLSMs on
the cotangent bundles over M. In this work we complete constructing the N = 2 SUSY
NLSMs on the cotangent bundles over all the compact and non-compact HSSs.
The paper is organized as follows. In section 2, we give a brief review of the N = 2
NLSMs in the projective superspace formalism. We also explain how to derive the explicit
forms of the tangent bundle and the cotangent bundle actions for the HSSs. In section 3, we
explain the E6(−14) algebra and then derive N = 1 SUSY NLSM on E6(−14)/SO(10)×U(1).
We apply the result explained in section 2 to derive the N = 2 SUSY NLSM model of the
cotangent bundle over E6(−14)/SO(10) × U(1) and obtain it. In section 4, we give the
E7(−25) algebra and construct the N = 1 SUSY model on E7(−25)/E6 × U(1). Then we
construct the N = 2 SUSY NLSM model on the cotangent bundle over E7(−25)/E6 ×U(1)
by applying the result in section 2. Section 5 is devoted to conclusion. In appendix A, we
briefly summarize the Clifford algebra used in section 3. In appendix B, detailed calculation
to obtain (3.22) from (3.21) is summarized. In appendix C, another derivation of the N = 2
SUSY NLSM on the cotangent bundle over E6(−14)/SO(10)×U(1) is explained. There we
construct the tangent bundle action by using the result in section 2. Then we utilize the
Legendre transformation and obtain the cotangent bundle over E6(−14)/SO(10)×U(1). In
2E6(−14) denotes the real form of E
C
6 with character −14 where dim
(
E6(−14)/SO(10) × U(1)
) −
dim
(
SO(10)×U(1)) gives −14. Similarly, E7(−25) is also defined.
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appendix D, derivation of the tangent bundle over E7(−25)/E6 × U(1) using the result in
section 2 is explained.
2 N = 2 sigma models and the projective superspace
2.1 General case
Projective superspace is described as (xµ, θαi, θ¯
i
α˙, ζ), where µ = 0, 1, 2, 3 is a space-time
index, α, α˙ = 1, 2 are spinor indices, i = 1, 2 is an SU(2)R index and ζ is the projective
coordinate. Superfields are functions on its subspace, which are defined by the so-called
projective condition [10] similar to the chiral condition in the four-dimensional N = 1 SUSY
field theory. This condition makes a number of the Grassmann coordinates be half and
integration measure for SUSY invariant action reduces to one on the full N = 1 superspace
zM = (xµ, θα, θ¯α˙) with the projective coordinate ζ. A certain class of four-dimensional
N = 2 NLSM is described in terms of N = 1 language as [17, 18, 28]
S[Υ, Υ˘] =
1
2pii
∮
dζ
ζ
∫
d8z K
(
ΥI(z, ζ), Υ˘J¯(z, ζ)
)
, (2.1)
where I, J are indices of fields.3 The contour encircles the origin of the ζ-plane in anti-
clockwise direction. The action is written by the function of the superfields representing the
polar multiplets Υ and Υ˘, which are called an arctic superfield and an antarctic superfield
respectively. They are expanded with respect to ζ as
Υ(z, ζ) =
∞∑
n=0
Υnζ
n = Φ + Σ ζ +A , Υ˘(ζ) =
∞∑
n=0
Υ¯n(−ζ)−n, (2.2)
where Υ0 ≡ Φ is a chiral superfield (D¯α˙Φ = 0) and Υ1 = Σ is a complex linear superfield
(D¯2Σ = 0), where D¯α˙ = − ∂∂θ¯α˙ − iθασ
µ
αα˙
∂
∂xµ is the covariant derivative in the N = 1
superspace. An infinite set of unconstrained auxiliary fields is expressed as A which contains
terms with an order higher than ζ. The antarctic superfield Υ˘ is a conjugate of Υ, which
is the combination of the ordinary complex conjugate and the antipodal map ζ 7→ −1/ζ
on the Riemann sphere.
The action (2.1) is an N = 2 extension of the general N = 1 SUSY NLSM [1]
S[Φ, Φ¯] =
∫
d8z K(ΦI , Φ¯J¯) , (2.3)
where K(ΦI , Φ¯J¯) is the Ka¨hler potential of a Ka¨hler manifold. Indeed, expanding (2.1)
with respect to ζ, we can see the Ka¨hler potential in (2.3) is included [17]:
S =
1
2pii
∮
dζ
ζ
∫
d8zeA∂+A˘∂¯ exp
(
ζΣ∂ − 1
ζ
Σ¯∂¯
)
K(ΦI , Φ¯J¯) , (2.4)
where ∂ ≡ ∂/∂Φ and ∂¯ ≡ ∂/∂Φ¯, and the exponential factors in the integrand are the N = 2
completion. The action (2.3) is invariant under the Ka¨hler transformation
K(ΦI , Φ¯J¯)→ K(ΦI , Φ¯J¯) + Λ(ΦI) + Λ¯(Φ¯J¯) , (2.5)
3More general type of action has the form K(Υ, Υ˘, ζ) [12, 13].
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and reparametrization of the manifold
ΦI → f I(ΦJ) . (2.6)
In the N = 2 SUSY NLSM (2.1), (2.5) and (2.6) correspond to
K(ΥI , Υ˘J¯)→ K(ΥI , Υ˘J¯) + Λ(ΥI) + Λ˘(Υ˘J¯) , (2.7)
and
ΥI → f I(ΥJ) , (2.8)
respectively. From the transformation (2.8), we find the transformation law for ΣI as
ΣI =
dΥI
dζ
∣∣∣∣
ζ=0
→ df
I
dζ
∣∣∣∣
ζ=0
=
dΥJ
dζ
df I
dΥJ
∣∣∣∣
ζ=0
= ΣJ
df I
dΥJ
∣∣∣∣
ζ=0
. (2.9)
It is seen that ΣI transforms as a tangent vector.
In order to represent the action (2.1) in terms of physical fields (ΦI ,ΣJ) only, we need
to eliminate the auxiliary fields by using their equations of motion∮
dζ
ζ
ζn
∂K(Υ, Υ˘)
∂ΥI
=
∮
dζ
ζ
ζ−n
∂K(Υ, Υ˘)
∂Υ˘I¯
= 0 , n ≥ 2 . (2.10)
Let Υ∗(ζ) ≡ Υ∗(ζ; Φ, Φ¯,Σ, Σ¯) be a unique solution of the equation (2.10) with the initial
conditions
Υ∗(0) = Φ ,
dΥ(ζ)
dζ
∣∣∣∣
ζ=0
= Σ . (2.11)
For a general Ka¨hler manifold, it is possible to eliminate Υn(n ≥ 2) and their conjugates
by solving (2.10) perturbatively [29]. After eliminating all the auxiliary fields, the following
form of the action is obtained
Stb[Φ,Σ] =
∫
d8z
{
K(Φ, Φ¯) + L(Φ, Φ¯,Σ, Σ¯)} , (2.12)
where L(Φ, Φ¯,Σ, Σ¯) is the part describing the tangent space:
L(Φ, Φ¯,Σ, Σ¯) =
∞∑
n=1
L(n)(Φ, Φ¯,Σ, Σ¯)
=
∞∑
n=1
LI1···InJ¯1···J¯n(Φ, Φ¯)ΣI1 . . .ΣInΣ¯J¯1 . . . Σ¯J¯n . (2.13)
Here LIJ¯ = −gIJ¯(Φ, Φ¯) while the tensors LI1···InJ¯1···J¯n(n ≥ 2) are functions of the metric
gIJ¯(Φ, Φ¯), the Riemann tensor RIJ¯KL¯(Φ, Φ¯) and its covariant derivative. Each term of
the action contains equal powers of Σ and Σ¯ because the action (2.1) possesses the U(1)
invariance [17]
Υ(ζ)→ Υ(eiαζ) ⇔ Υn(z)→ einαΥn(z) . (2.14)
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The action (2.12) is written by the base manifold coordinate Φ and the tangent vector Σ.
Therefore this action represents the N = 2 SUSY model on the tangent bundle over the
Ka¨hler manifold.
The rest of the work is to derive the Ka¨hler potential of the cotangent bundle over
the Ka¨hler manifold. It is carried out by changing the tangent vectors Σ’s in (2.12) into
chiral one-forms, cotangent vectors Ψ’s. It can be performed by the generalized Legendre
transformation [12] as follows.
Stb =
∫
d8z
(
K(Φ, Φ¯) + L(Φ, Φ¯,Σ, Σ¯))
 S =
∫
d8z
{
K(Φ, Φ¯) + L(Φ, Φ¯, U, U¯) + ΨIU I + Ψ¯I¯ U¯ I¯
}
, (2.15)
where U is a complex unconstrained superfield and Ψ is a chiral superfield. This action
goes back to the tangent bundle action (2.12) after eliminating the chiral superfields Ψ
and Ψ¯ by their equations of motion. Indeed, the equations of motion for Ψ and Ψ¯ give the
constraint D2U = D¯2U = 0 which is exactly the condition for a complex linear superfield.
On the other hand, eliminating U and U¯ with the aid of their equations of motion, the
action is written only in terms of Φ,Ψ and their conjugates:
Sctb[Φ,Ψ] =
∫
d8z
{
K(Φ, Φ¯) +H(Φ, Φ¯,Ψ, Ψ¯)} , (2.16)
where
H(Φ, Φ¯,Ψ, Ψ¯) =
∞∑
n=1
H(n)(Φ, Φ¯,Ψ, Ψ¯)
=
∞∑
n=1
HI1···InJ¯1···J¯n(Φ, Φ¯)ΨI1 . . .ΨInΨ¯J¯1 . . . Ψ¯J¯n , (2.17)
with HIJ¯(Φ, Φ¯) = gIJ¯(Φ, Φ¯). Here gIJ¯ is the inverse metric of gIJ¯ . The variables (ΦI ,ΨJ)
parameterize the cotangent bundle over the Ka¨hler manifold and therefore the action gives
the Ka¨hler potential of the cotangent bundle over the Ka¨hler manifold.
2.2 HSS case
The explicit forms of L [21] and H [22, 23] are obtained for the case that the base manifold
is a HSS. In this subsection we explain their derivations.
First we explain the derivation of the tangent space part L. Since the tangent space
part (2.13) hides the second SUSY invariance after eliminating the auxiliary fields pertur-
batively, we first derive the condition so that the L is invariant under the second SUSY
transformation. Here we take into account that the base manifold is the HSS. Second we
solve the condition and obtain the explicit formula for L.
By construction in the projective superspace formalism, the action is invariant under
the N = 2 SUSY transformation [12, 13]
δΥI(ζ) = i(εαi Q
i
α + ε¯
i
α˙Q¯
α˙
i )Υ
I(ζ) , (2.18)
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where εαi , ε¯
i
α˙ are transformation parameters and Q
i
α, Q¯
α˙
i are supercharges. The action (2.12)
is written in terms of N = 1 superfield and therefore N = 1 SUSY is only manifest. In the
following we investigate the invariance of the action under the second SUSY transforma-
tion (2.18) for i = 2. It is shown that the second SUSY acts on Φ and Σ as [14]
δΦI = ε¯.αD¯
.
αΣI , δΣI = −εαDαΦI + ε¯.αD¯
.
αΥI2 . (2.19)
The condition for the Riemann tensor RI1J¯1I2J¯2 of the HSS
∇LRI1J¯1I2J¯2 = ∇¯L¯RI1J¯1I2J¯2 = 0 , (2.20)
allows us to rewrite (2.19) as
δΦI = ε¯.αD¯
.
αΣI , δΣI = −εαDαΦI − 1
2
ε¯.αD¯
.
α
{
ΓIJK(Φ, Φ¯) Σ
JΣK
}
, (2.21)
where ∇L and ∇¯L¯ are covariant derivatives with respect to Φ and Φ¯, and ΓIJK is the
Christoffel symbol. We impose the tangent bundle action (2.12) to be invariant un-
der (2.21), and then find [21]
L(1) = −gIJ¯ΣIΣ¯J¯ , (2.22)
L(n+1) = LI1···In+1J¯1···J¯n+1ΣI1 · · ·ΣIn+1Σ¯J¯1 · · · Σ¯J¯n+1
= − n
2(n+1)
LI1···In−1J¯1···J¯nΣIn+1Σ¯J¯n+1RIn+1J¯n+1InLΣI1 · · ·ΣInΣ¯J¯1 · · · Σ¯J¯n . (2.23)
The equation (2.23) is rewritten as
L(n+1) = 1
n+ 1
RΣ,Σ¯L(n), (2.24)
where RΣ,Σ¯ is defined as
RΣ,Σ¯ = −
1
2
ΣKΣ¯L¯RKL¯I
J(Φ, Φ¯) ΣI
∂
∂ΣJ
. (2.25)
This operator satisfies
RΣ,Σ¯L(n) = R¯Σ,Σ¯L(n), (2.26)
where R¯Σ,Σ¯ is the complex conjugate of RΣ,Σ¯. Eq. (2.24) yields the explicit form for L:
L = −gIJ¯ΣI
eRΣ,Σ¯ − 1
RΣ,Σ¯
Σ¯J¯ . (2.27)
On the other hand, acting (2.21) on L leads to the following equation
1
2
RKJ¯L
I ∂L
∂ΣI
ΣKΣL +
∂L
∂Σ¯J¯
+ gIJ¯ Σ
I = 0 . (2.28)
It is also the condition for invariance under the second SUSY transformation. Indeed, (2.27)
satisfies (2.28).4
4A different form of L was obtained in [22]. The solutions in [21] and [22] were shown to be equivalent
in [23].
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Next we explain the derivation of the cotangent space part H [22, 23]. The cotangent
bundle action (2.16) has to be invariant under the following second SUSY transforma-
tions [21]
δΦI =
1
2
D¯2
{
ε¯α˙θ¯
α˙ ΣI(Φ, Φ¯,Ψ, Ψ¯)
}
, (2.29)
δΨI = −1
2
D¯2
{
ε¯α˙θ¯
α˙KI(Φ, Φ¯)
}
+
1
2
D¯2
{
ε¯α˙θ¯
α˙ ΓKIJ(Φ, Φ¯) Σ
J(Φ, Φ¯,Ψ, Ψ¯)
}
ΨK , (2.30)
with
ΣI(Φ, Φ¯,Ψ, Ψ¯) =
∂
∂ΨI
H(Φ, Φ¯,Ψ, Ψ¯) := HI . (2.31)
The requirement of invariance under such transformations can be shown to be equivalent
to the following nonlinear equation [21]:
HIgIJ¯ −
1
2
HKHLRKJ¯LIΨI = Ψ¯J¯ . (2.32)
This equation also follows from (2.28) using the definition of the Ψ, or it is possible to
obtain it by the generalized Legendre transformation [12]. Detailed discussion is given
in [21].
Eq. (2.32) implies that
ΨIHI −HKHL(RΨ)KL = gIJ¯ΨIΨ¯J¯ , (RΨ)KL :=
1
2
R I JK LΨIΨJ . (2.33)
By using the identities
ΨIHI = Ψ¯I¯HI¯ =
∞∑
n=1
nH(n), (2.34)
(2.33) is rewritten as
H(1) = gIJ¯ΨIΨ¯J¯ , nH(n) −
n−1∑
p=1
H(p)K(RΨ)KLH(n−p)L = 0 , n ≥ 2 . (2.35)
In order to solve this, it is useful to define
RΨ,Ψ¯ =
(
0 (RΨ)
J¯
I
(RΨ¯)
J
I¯
0
)
=
(
0 12R
KJ¯L
I ΨKΨL
1
2R
K¯JL¯
I¯
Ψ¯K¯Ψ¯L¯ 0
)
(2.36)
and
G(2k+2) = ΨIg
IJ¯
(
(RΨ¯RΨ)
k
) K¯
J¯
(RΨ¯)
L
K¯ ΨL = Ψ
†
I¯
gI¯J
(
(RΨRΨ¯)
k
) K
J
(RΨ)
L¯
K Ψ¯L¯ , (2.37)
G(2k+1) = ΨIg
IJ¯
(
(RΨ¯RΨ)
k
) K¯
J¯
Ψ¯K¯ = Ψ
†
I¯
gI¯J
(
(RΨRΨ¯)
k
) K
J
ΨK , (2.38)
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with k = 0, 1, 2 · · · . They satisfy the identities
ΨI
∂G(n)
∂ΨI
= Ψ¯I¯
∂G(n)
∂Ψ¯I¯
= nG(n), (2.39)
∂G(2k+2)
∂ΨI
= (2k + 2)gIJ¯
(
(RΨ¯RΨ)
k
) K¯
J¯
(RΨ¯)
L
K¯ ΨL
= (2k + 2)ΨJg
JK¯
(
(RΨ¯RΨ)
k
) L¯
K¯
(RΨ¯)
I
L¯ (2.40)
∂G(2k+1)
∂ΨI
= (2k + 1)gIJ¯
(
(RΨ¯RΨ)
k
) K¯
J¯
Ψ¯K¯
= (2k + 1)Ψ†
J¯
gJ¯K
(
(RΨRΨ¯)
k
) I
K
. (2.41)
Now if we introduce the ansatz
H =
∞∑
n=1
cnG
(n), (2.42)
where cn is a constant, we find that the differential equation (2.35) turns out to be the
algebraic equation
ncn −
n−1∑
p=1
p(n− p)cpcn−p = 0 , c1 = 1 . (2.43)
The equation (2.43) is universal and independent of the Hermitian symmetric space. There-
fore, their solution can be deduced by considering any choice of the Hermitian symmetric
space. For instance, the projective complex space CP 1 can be used. These considerations
lead to the solution [22]
H(Φ, Φ¯,Ψ, Ψ¯) = 1
2
ΨTg−1F(−RΨ,Ψ¯)Ψ , (2.44)
where
Ψ =
(
ΨI
Ψ¯I¯
)
, g−1 =
(
0 gIJ¯
gI¯J 0
)
, (2.45)
F(x) = 1
x
{√
1 + 4x− 1− ln
(
1 +
√
1 + 4x
2
)}
. (2.46)
For our purpose to construct the N = 2 supersymmetric NLSMs on the cotangent
bundles over exceptional Hermitian symmetric spaces, we shall rewrite (2.44) into a more
convenient form [23]. First performing the Taylor expansion for (2.44) one can see that H
has the same form as (2.42) with the coefficient cn given by
cn =
(−1)n−1F (n−1)(0)
(n− 1)! . (2.47)
Second we introduce the differential operators
RΨ,Ψ¯ = −(RΨ) J¯I Ψ¯J¯
∂
∂ΨI
, R¯Ψ,Ψ¯ = −(RΨ¯) JI¯ ΨJ
∂
∂Ψ¯I¯
, (2.48)
– 9 –
J
H
E
P
0
7
(
2
0
1
5
)
1
6
9
which satisfy the following identity
RΨ,Ψ¯H(n) = R¯Ψ,Ψ¯H(n). (2.49)
With the use of (2.48), we can prove that (2.37) and (2.38) are compactly written as
G(n+1) =
(−RΨ,Ψ¯)n
n!
|Ψ|2, |Ψ|2 := gIJ¯ΨIΨ¯J¯ , n ≥ 1 . (2.50)
Substituting (2.50) with (2.47) into (2.42), we find
H =
∞∑
n=0
F (n)(0)
n!
(RΨ,Ψ¯)n
n!
|Ψ|2. (2.51)
Making use of the following formula
xn
n!
=
∮
C
dξ
2pii
eξx
ξn+1
, (2.52)
where the contour C encircles the origin of the complex ξ-plane in the counterclockwise
direction, we have
H =
∞∑
n=0
F (n)(0)
n!
∮
C
dξ
2pii
eξRΨ,Ψ¯
ξn+1
|Ψ|2. (2.53)
Here the contour C must be chosen such that the function eξRΨ,Ψ¯ |Ψ|2 is analytic. Keeping
this in mind, one finds that (2.53) can be transformed into
H =
∮
C
dξ
2pii
F(1/ξ)
ξ
eξRΨ,Ψ¯ |Ψ|2. (2.54)
The function F(1/ξ)/ξ gives a branch cut between −4 and 0. Since the H is regular and
analytic, the contour C has to be chosen so that it does not cross the branch cut. The
resultant contour encircles ξ = −4, 0 without crossing the cut and is bounded by poles of
the factor eξRΨ,Ψ¯ |Ψ|2 (see the left figure in figure 1). One can transform the contour C as
C ′+ C˜ where C ′ encircles the poles that may arise from eξRΨ,Ψ¯ |Ψ|2 in the counterclockwise
direction and C˜ encircles those poles together with the branch cut in the clockwise direction
(see the right figure in figure 1). One can check that contribution from the contour C˜ is
just a constant by substituting ξ = Reiθ with R→∞. Therefore, this does not contribute
to the Ka¨hler metric and can be neglected. We finally have
H = −
∮
−C′
dξ
2pii
F(1/ξ)
ξ
eξRΨ,Ψ¯ |Ψ|2, (2.55)
where −C ′ goes in the counterclockwise direction, yielding the minus sign in front of the
integration.
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Figure 1. Contour of the integration.
3 Cotangent bundle over E6(−14)/SO(10)×U(1)
In this section we derive the N = 2 SUSY NLSM on the cotangent bundle over the non-
compact exceptional HSS E6(−14)/SO(10) × U(1). In the first two subsections we show
the E6(−14) algebra and derive the N = 1 SUSY NLSM on E6(−14)/SO(10)×U(1). There
we derive a transformation law of the field parameterizing the space and construct the
model so that it is invariant under the transformation. In the subsection 3.3, applying the
results in section 2, we construct the N = 2 SUSY NLSM on the cotangent bundle over
E6(−14)/SO(10)×U(1).
3.1 Lie algebra of the exceptional group E6(−14)
The non-compact group E6(−14) has the maximal compact subgroup SO(10) × U(1). A
way to write down the Lie algebra of E6(−14) is to use the relation between E6(−14) and the
pair
(
E6(−14), SO(10)× U(1)
)
The E6(−14) algebra is given by the generators TAB(A,B =
1, · · · 10) of SO(10), T of U(1), and SO(10) Majorana spinors (Eα, E¯α)(α = 1, · · · , 16) with
E¯α = −(Eα)† satisfying the following commutation relations:
[TAB, TCD] = δBCTAD + δADTBC − δACTBD − δBDTAC , (3.1)
[Eα, TAB] = (σAB)
β
α Eβ , [E¯
α, TAB] = (σ¯AB)
α
βE¯
β , (3.2)
[T,Eα] =
√
3
2
iEα , [T, E¯
α] = −
√
3
2
iE¯α, (3.3)
[Eα, Eβ ] = [E¯
α, E¯β ] = 0 , (3.4)
[Eα, E¯
β ] =
1
2
(σAB)
β
α TAB −
√
3
2
iδ βα T , (3.5)
where σAB and σ¯AB are the generators of the Weyl representation of SO(10) group given
in (A.15). Here, by making replacement Eα → iEα, E¯α → iE¯α in the relations (3.1)–(3.5),
the corresponding algebra gives the Lie algebra of the compact E6 [30], which is given
in [31–34].
3.2 Ka¨hler potential
Now we construct the N = 1 SUSY NLSM whose Ka¨hler potential is of M = E6(−14)/
SO(10)×U(1). The fields in the NLSM can be interpreted as the Nambu-Goldstone boson
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when the symmetry E6(−14) is broken down to SO(10) × U(1). The unbroken generators
are Eα and its complex conjugate E¯
α. Corresponding representation is of the 16 complex
Weyl spinor of SO(10). We write it with Greek index appeared in the algebra as
ΦI → Φα , Φ¯I → Φ¯α. (3.6)
The Ka¨hler potential is constructed so that it is invariant under the transformation of Φα.
The transformation law for Φα is read from the following commutation relations:
5
[Φα, TAB] = (σAB)
β
α Φβ , [Φ¯
α, TAB] = (σ¯AB)
α
βΦ¯
β , (3.7)
[T,Φα] =
√
3
2
iΦα , [T, Φ¯
α] = −
√
3
2
iΦ¯α, (3.8)
[Eα,Φβ ] =
1
4
ΣγδαβΦγΦδ , [Eα, Φ¯
β ] = δ βα , (3.9)
[E¯α,Φβ ] = δ
α
β , [E¯
α, Φ¯β ] =
1
4
Σαβγδ Φ¯
γΦ¯δ, (3.10)
where
Σγδαβ =
∑
A,B
(σAB)
γ
α (σAB)
δ
β −
3
2
δ γα δ
δ
β (3.11)
satisfying the properties:
Σγδαβ = Σ
γδ
βα = Σ
δγ
αβ , (3.12)
Σλ(αρσ Σ
βγ)
τλ = Σ
λ(α
στ Σ
βγ)
ρλ = Σ
λ(α
τρ Σ
βγ)
σλ . (3.13)
The closure of the E6(−14) algebra on Φα can be checked by using the Jacobi identities
involving two generators of E6(−14) algebra and one Φα. For instance, one can check that
the following non-trivial identity is satisfied[
Eα, [Eβ ,Φγ ]
]
+ (cyclic permutations) = 0 , (3.14)
by using (3.13). The commutators (3.9)–(3.10) lead to the infinitesimal transformation law
for Φα as
δΦα = ¯
β [Eβ ,Φα] + β [E¯
β ,Φα]
= α +
1
4
¯βΣγδαβΦγΦδ , (3.15)
where α and ¯
β are transformation parameters.
For convenience, we embed the transformation law for the 16-component spinor (3.15)
to one for the 32-component spinor. In other words, we embed the irreducible Weyl spinor
Φα into the reducible Dirac spinor φa of SO(10):
Φα → φa ≡
(
Φα
0
)
= (P+φ)a , a = 1, · · · 32 , (3.16)
5The corresponding transformation for the compact group E6 is found in [31–33].
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where P+ is the projection operator defined by (A.7). Similarly, we embed the transfor-
mation parameter α into the 32-component spinor εa
α → εa ≡
(
α
0
)
= (P+ε)a . (3.17)
The generator σAB in the Weyl representation forms the Dirac representation as
(σAB)
β
α → Γ+AB ≡ P+ΓAB =
1
2
P+[ΓA,ΓB] , (3.18)
where ΓA is a 32×32 gamma matrix defined by (A.14). With the use of (3.16)–(3.18), (3.15)
is rewritten by
δφa = εa +
1
16
∑
A,B
(ε¯TΓ+ABφ)(Γ
+
ABφ)a −
3
8
(ε¯Tφ)(P+φ)a . (3.19)
Defining the charge conjugation
φc = φ
TC , ε¯c = C
−1ε¯ , (3.20)
where C is the charge conjugation matrix given by (A.16), (3.19) turns out to be
δφa = εa − 1
16
∑
A,B
(φcΓ
−
AB ε¯c)(Γ
+
ABφ)a −
3
8
(φcP
−ε¯c)(P+φ)a , (3.21)
with the projection operator P− defined by (A.7). Here we have used (A.10). By using
the Fierz identity we exchange ε¯a and φa in (3.21) and obtain
δφa = εa +
1
4
∑
A
(φcΓ
+
Aφ)(Γ
−
Aε¯c)a − (ε¯Tφ)(P+φ)a , (3.22)
where Γ±A ≡ ΓAP±. The detailed calculation to obtain (3.22) from (3.21) is summarized
in appendix B.
Let us derive the Ka¨hler potential invariant under the nonlinear transformation
law (3.22). In order to do that, first we consider the SO(10) ×U(1) invariants:
I1 = φ¯
Tφ , (3.23)
I2 =
1
8
∑
A
(φcΓ
+
Aφ)
†(φcΓ+Aφ) . (3.24)
They transform under (3.22) as
δI1 = (1− I1)(ε¯TP+φ) + 1
4
∑
A
(φ¯TΓ−Aε¯c)(φcΓ
+
Aφ) + c.c. (3.25)
δI2 =
1
4
∑
A
(φ¯TΓ−Aε¯c)(φcΓ
+
Aφ)− (ε¯TP+φ)I2 + c.c. (3.26)
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In deriving (3.26) we have used the transformation law for the 10-dimensional representa-
tion of the SO(10)×U(1) from the product of spinors 16 × 16, φcΓ+Aφ. It is given by
δ(φcΓ
+
Aφ) = 2(φcΓ
+
A)− (φcΓ+Aφ)(ε¯TP+φ) . (3.27)
It can be checked by starting with
δ(φcΓ
+
Aφ) = 2(φcΓ
+
Aε)− 2(φcΓ+Aφ)(ε¯P+φ) +
1
2
∑
B
(φcΓ
+
Bφ)(ε¯
TΓ+BΓ
−
Aφc) . (3.28)
Applying (A.1) to the last term in the right-hand side and using (B.7), we obtain (3.27).
Using the relations (3.25) and (3.26) one can check that the following function
K(φ, φ¯) = − ln(1− I1 + I2) (3.29)
transforms as
δK = (ε¯TP+φ) + c.c. (3.30)
The right-hand side consists of the holomorphic and anti-holomorphic parts with respect
to φ. It means that (3.29) is invariant under (3.19) up to the Ka¨hler transformation (3.30).
Therefore we conclude that (3.29) is the Ka¨hler potential of E6(−14)/SO(10)×U(1).
Finally for later use we shall go back to the Weyl representation. Using the represen-
tation of the gamma matrix (A.14), the Ka¨hler potential is written by
K(Φ, Φ¯) = − ln
(
1− Φ¯TΦ + 1
8
∑
A
(Φ¯TσAC†Φ¯)(ΦTCσ†AΦ)
)
, (3.31)
where C is the charge conjugation matrix in the Weyl representation defined by (A.16).
The former sign is not determined by using the transformation law (3.22) but it is chosen
to ensure positivity of the metric. The Ka¨hler potential (3.31) is very similar to one of the
compact HSS E6/SO(10) × U(1) given by [33, 34, 38].6 Only the differences are the sign
in front of the logarithm and in the second term inside the logarithm.
3.3 Cotangent bundle
Let us derive the cotangent bundle over E6(−14)/SO(10) × U(1) with use of the for-
mula (2.55). Since we are considering the symmetric space, it is sufficient to consider (2.55)
at Φ = Φ¯ = 0. We shall introduce the notation of the cotangent vectors:
ΨI → Ψα, Ψ¯I¯ → Ψ¯α . (3.32)
The metric and Riemann tensor at Φ = 0 are derived from the Ka¨hler potential (3.31) as
gαβ
∣∣
Φ=Φ¯=0
=
∂2K
∂αΦ∂βΦ¯
∣∣∣∣
Φ=Φ¯=0
= δαβ , (3.33)
Rα γβ δ
∣∣
Φ=Φ¯=0
= ∂γ∂δg
α
β − (g−1)λκ∂κgαβ∂λgγδ
∣∣
Φ=Φ¯=0
= δ γδ δ
α
β −
1
2
∑
A
(σAC†)βδ(Cσ†A)αγ + δ γβ δ αδ , (3.34)
6A different form the Ka¨hler potential is given in [31, 32].
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where (g−1)βα = (gαβ)
−1 is the inverse metric of gαβ , namely g
α
γ(g
−1)γβ = δ
α
β . We calculate
the differential operator (2.48) in (2.55), which is written as
RΨ,Ψ¯
∣∣
Φ=Φ¯=0
= −|ψ2|ψα ∂
∂ψα
+
1
4
∑
A
(ψσACψ)(ψ¯Cσ†A)α
∂
∂ψα
, (3.35)
where ψα is the cotangent vector at Φ = Φ¯ = 0. Defining the SO(10) ×U(1) invariants
x := ψαψ¯α , (3.36)
y := (ψσACψ)(ψ¯Cσ†Aψ¯) , (3.37)
we find that (3.35) is rewritten by
RΨ,Ψ¯
∣∣
Φ=Φ¯=0
= −xD + 1
4
y∂x , D := x
∂
∂x
+ y
∂
∂y
. (3.38)
Here we have used the identity ∑
A
(σ†Aψ)(ΣCψ†Aψ) = 0 , (3.39)
and {σA, σB}=2δAB. Using the Baker-Campbell-Hausdorff formula, we find that (2.54) is
H = −
∮
−C′
F(1/ξ)
ξ
e−ξxDe
1
4
ξy ∂
∂x e−
1
8
ξ2yDx
= −
∮
−C′
F(1/ξ)
ξ
∂
∂ξ
ln
(
1 + ξx+
ξ2y
8
)
. (3.40)
Recalling that the contour −C ′ encircles the poles of eξRΨ,Ψ¯ |Ψ|2, one sees that the roots of
the equation
1 + ξx+
ξ2y
8
= 0 , (3.41)
contribute to the integral (3.40). Considering this, (3.40) is calculated by the Residue
theorem
H = −
(F(1/ξ+)
ξ+
+
F(1/ξ−)
ξ−
)
, (3.42)
where ξ± are the solutions of (3.41) given by
ξ± =
−4x± 2
√
4x2 − 2y
y
. (3.43)
Alternatively, one can obtain the cotangent bundle action from the tangent bundle
action with the use of (2.27) and the generalized Legendre transformation [12]. Detailed
calculations are found in appendix C. The result at an arbitrary point of the base manifold
is also given there.
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4 Cotangent bundle over E7(−25)/E6 ×U(1)
In this section, we derive the N = 2 SUSY NLSM on the cotangent bundle over
E7(−25)/E6 × U(1). We perform the same procedure as in section 3: we first derive the
N = 1 SUSY NLSM on E7(−25)/E6×U(1) which is found by checking invariance under the
nonlinear transformation of the field parameterizing E7(−25)/E6 ×U(1). Second using this
result with the formula in section 2, we construct the N = 2 SUSY model on the cotangent
bundle over E7(−25)/E6 ×U(1).
4.1 Lie algebra of the exceptional group E7(−25)
The non-compact group E7(−25) has the subgroup E6×U(1). The Lie algebra of E7(−25) is
written by the generators of this subgroup that are E6 generator TA(A = 1, . . . 78), a U(1)
generator T , Ei(i = 1, . . . 27) belonging to the E6 fundamental representation and their
conjugates E¯i = −(Ei)†. The commutation relations are given as
[TA, TB] = −f CAB TC , [T, TA] = 0 , (4.1)
[TA, E
i] = iρ(TA)
i
jE
j , [TA, E¯i] = −iE¯jρ(TA)ji , (4.2)
[T,Ei] = i
√
2
3
Ei, [T, E¯i] = −i
√
2
3
E¯i , (4.3)
[Ei, Ej ] = [E¯i, E¯j ] = 0 , (4.4)
[Ei, E¯j ] = i
∑
A
ρ(TA)
i
jTA + i
√
2
3
δijT , (4.5)
where f CAB are structure constants of E6 and ρ(TA) is a fundamental representation matrix
of E6 which satisfies [35–37]∑
A
ρ(TA)
i
jρ(TA)
l
k =
1
6
δlkδ
i
j +
1
2
δikδ
l
j −
1
2
ΓilpΓpjk . (4.6)
Here Γijk is the invariant tensor of E6. This is symmetric with respect to the indices (i, j, k)
and the complex conjugate is defined as (Γijk)† = Γijk. This satisfies the following identity
ΓijkΓ
ljk = 10δli , (4.7)
and the Springer relation [44]
ΓijkΓjl(mΓpq)k = δ
i
(lΓmpq) . (4.8)
Note that replacements Ei → iEi and E¯i → iE¯i in (4.1)–(4.5) give the compact Lie
algebra of E7 [38].
4.2 Ka¨hler potential
In this subsection, we construct the N = 1 SUSY NLSM whose Ka¨hler potential is of
E7(−25)/E6×U(1). The Ka¨hler potential is written by the coordinates which are represen-
tation of Ei and E¯i. We shall write them as
ΦI → φi, Φ¯I¯ → φ¯i . (4.9)
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The transformation law for φ is obtained from the commutation relations:
[Ei, φj ] = φiφj − 1
2
ΓijkΓklmφ
lφm, (4.10)
[Ei, φ¯j ] = δ
i
j , [E¯i, φ
j ] = δji , (4.11)
[E¯i, φ¯j ] = φ¯iφ¯j − 1
2
ΓijkΓ
klmφ¯lφ¯m , (4.12)
[TA, φ
i] = −2iρ(TA)ijφj , [TA, φ¯i] = 2iφ¯jρ(TA)ji , (4.13)
[T, φi] = −i
√
2
3
φi, [T, φ¯i] = i
√
2
3
φ¯i . (4.14)
One can see the closure of this algebra by checking the Jacobi identity. A nontrivial one
is, for example, [
Ei, [E¯j , φ¯k]
]
+ (cyclic permutation) = 0 , (4.15)
which can be proved with the aid of (4.6). One can also prove another nontrivial identity[
Ei, [Ej , φk]
]
+ (cyclic permutation) = 0 , (4.16)
by utilizing (4.8).
The commutation relations (4.10)–(4.12) lead to the infinitesimal transformation law
for φi:
δφi = j [E¯j , φ
i] + ¯j [E
j , φi]
= i − (¯jφj)φi + 1
2
Γijk ¯jΓklmφ
lφm, (4.17)
where i is the complex transformation parameter.
Now we look for the function being invariant under (4.17). To this end, we introduce
the E6 ×U(1) invariants:
I1 = φ¯iφ
i, (4.18)
I2 = (Γijkφ
jφk)(Γilmφ¯lφ¯m) , (4.19)
I3 =
1
9
(Γijkφ
iφjφk)(Γlmnφ¯lφ¯mφ¯n) . (4.20)
They transform under (4.17) as
δI1 = (1− I1)(¯iφi) + 1
2
(Γijkφ
jk)(Γilmφ¯lφ¯m) + c.c. (4.21)
δI2 = 2(Γijkφ
jφk)(Γilmφ¯lφ¯m)− (¯iφi)I2 + 1
3
(Γijkφ
iφjφk)(Γlmnφ¯lφ¯mφ¯n) + c.c. (4.22)
δI3 = −(¯iφi)I3 + 1
3
(Γijkφ
iφjφk)(Γlmn¯lφ¯mφ¯n) + c.c. (4.23)
By using (4.21)–(4.23), one can check that the function
K = − ln
(
1− I1 + 1
4
I2 − 1
4
I3
)
(4.24)
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transforms under the infinitesimal transformation (4.17) as
δK = (¯iφ
i) + c.c. (4.25)
This shows that (4.24) is invariant under (4.17) up to the Ka¨hler transformation (4.25).
Thus we conclude that (4.24) is the Ka¨hler potential of E7(−25)/E6 ×U(1). As in the case
for E6(−14)/SO(10)×U(1), the sign in front of the logarithm in (4.24) cannot be determined
by the invariance under (4.17). It is just chosen so that positivity of the metric is ensured.
4.3 Cotangent bundle
We derive the cotangent bundle action of E7(−25)/E6 × U(1) by using (2.55). First we
introduce the cotangent vectors:
Ψ→ Ψi , Ψ¯I¯ → Ψ¯i (4.26)
Since we are considering the symmetric space, we set φ = φ¯ = 0 in calculations. The metric
and the Riemann tensor at φ = φ¯ = 0 are derived from (4.24):
g ji
∣∣
φ=φ¯=0
=
∂2K
∂φi∂φ¯j
∣∣∣∣
φ=φ¯=0
= δ ji , (4.27)
R j li k
∣∣
φ=φ¯=0
= δ li δ
j
k − ΓmikΓmjl + δ lk δ ji . (4.28)
Then the differential operator (2.48) at φ = φ¯ = 0 is obtained as
RΨ,Ψ¯
∣∣
φ=φ¯=0
= −|ψ|2ψi ∂
∂ψi
+
1
2
(Γmikψiψk)Γmljψ
j ∂
∂ψl
, |ψ|2 := ψiψ¯i, (4.29)
where ψ and ψ¯ are coordinates of the cotangent space at φ = φ¯ = 0. If we define the
E6 ×U(1) invariants in terms of the cotangent vector
x := ψiψ¯
i, (4.30)
y := (Γijkψjψk)(Γilmψ¯
lψ¯m) , (4.31)
z := (Γijkψiψjψk)(Γlmnψ¯
lψ¯mψ¯n) , (4.32)
the differential operator (4.29) is rewritten as
RΨ,Ψ¯
∣∣
φ=φ¯=0
= xD − 1
2
y
∂
∂x
− 1
3
z
∂
∂y
, D := x
∂
∂x
+ y
∂
∂y
+ z
∂
∂z
. (4.33)
The factor eξRΨ,Ψ¯x in (2.55) is calculated by using the Baker-Campbell-Hausdorff formula
eξRΨ,Ψ¯x
∣∣
φ=φ¯=0
= e−ξxDe
1
2
ξy ∂
∂x e
1
3
ξz ∂
∂y e
1
12
ξ2z ∂
∂x e−
1
4
ξ2yDe
1
18
ξ3zDx
=
∂
∂ξ
ln
(
1 + ξx+
1
4
ξ2y +
1
36
ξ3z
)
. (4.34)
The poles arising from this factor contribute to the integral in (2.55), which are obtained
from the equation
1 + ξx+
1
4
ξ2y +
1
36
ξ3z =
z
36
(ξ − ξ1)(ξ − ξ2)(ξ − ξ3) = 0 . (4.35)
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The poles are obtained as
ξ1 = −3y
z
− 2
1/3(−81y2 + 108xz)
3z(−1458y3 + 2916xyz − 972z2 +A)1/3
+
(−1458y3 + 2916xyz − 972z2 +A)1/3
3 · 21/3z , (4.36)
ξ2 = −3y
z
+
(1 + i
√
3)(−81y2 + 108xz)
3 · 22/3z(−1458y3 + 2916xyz − 972z2 +A)1/3
− 1− i
√
3
6 · 21/3z (−1458y
3 + 2916xyz − 972z2 +A)1/3, (4.37)
ξ3 = −3y
z
+
(1− i√3)(−81y2 + 108xz)
3 · 22/3z(−1458y3 + 2916xyz − 972z2 +A)1/3
− 1 + i
√
3
6 · 21/3z (−1458y
3 + 2916xyz − 972z2 +A)1/3, (4.38)
with A =
√
4(−81y2 + 108xz)3 + (−1458y3 + 2916xyz − 972z2)2. The cotangent bundle
part (2.55) is led to the form:
H = −
∮
−C′
dξ
2pii
F(1/ξ)
ξ
∂
∂ξ
ln
(
1 + ξx+
1
4
ξ2y +
1
36
ξ3z
)
= −
(F(1/ξ1)
ξ1
+
F(1/ξ2)
ξ2
+
F(1/ξ3)
ξ3
)
. (4.39)
The result at an arbitrary point of Φ can be obtained by the following replacements
x→ (g−1) ji ΨjΨ¯i, (4.40)
1
4
y → 1
2
(
(g−1) ji ΨjΨ¯
i
)2 − 1
4
R˜ j li k Ψ¯
iΨjΨ¯
kΨl , (4.41)
− 1
36
z → −1
6
(
(g−1) ji ΨjΨ¯
j
)3
+
1
4
(
(g−1) ji ΨjΨ¯
i
)
(R˜ l nk m Ψ¯
kΨlΨ¯
mΨn)
− 1
12
∣∣(g−1) ji R˜ k mj l ΨkΨ¯lΨm∣∣2, (4.42)
where R˜ j li k = (g
−1) mi (g
−1) jn (g−1) pk (g
−1) lq R
n q
m p .
Note that for the E7(−25)/E6 × U(1) case, we can construct the tangent bundle ac-
tion by using (2.27), but it is technically difficult to perform the generalized Legendre
transformation to obtain the cotangent bundle action. The situation is different from the
E6(−14)/SO(10)×U(1) case in appendix C. That is why the formula (2.55) for the cotangent
bundle over any HSS is developed [22, 23].
5 Conclusion
We have constructed the N = 2 SUSY NLSMs on the cotangent bundles over the non-
compact exceptional HSSs M = E6(−14)/SO(10) × U(1) and E7(−25)/E6 × U(1) by using
the results elaborated in [22] and [23]. The point is to use the projective superspace
formalism which is an N = 2 off-shell superfield formulation. Once an N = 1 SUSY
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NLSM on a certain Ka¨hler manifold is obtained, it is possible to extend it to the N = 2
SUSY model containing the corresponding N = 1 SUSY NLSM. We first have derived
the transformation laws of the fields parameterizing M and have constructed the N = 1
SUSY NLSMs on M invariant under the derived transformation laws. Second we have
extended the N = 1 SUSY NLSMs to ones with the N = 2 SUSY models by using the
explicit formula of the cotangent bundle over any HSS developed in [22, 23]. In this work,
we have completed constructing the Ka¨hler potentials of the cotangent bundles over all
the compact and non-compact HSSs listed in table 1.
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A Clifford algebra
In this appendix, we summarize the Clifford algebra for SO(10) group [33, 34, 43]. The
Clifford algebra is generated by the 32× 32 gamma matrices ΓA (A = 1, · · · , 10) satisfying
{ΓA,ΓB} = 2δAB132 . (A.1)
The matrices ΓA are hermitian:
Γ†A = ΓA . (A.2)
The complete set of the gamma matrices is spanned by {Γ(f)}(f = 0, · · · , 10) given by
Γ(f) ≡ i[f/2]ΓA1A2···Af ≡ i[f/2]Γ[A1ΓA2 · · ·ΓAf ]
=
i[f/2]
n!
(ΓA1ΓA2 · · ·ΓAf − ΓA2ΓA1 · · ·ΓAf + · · · ) , (A.3)
(Γ(f))† = Γ(f), (Γ(f))2 = 132 , (A.4)
where [f/2] is the largest integer less than or equal to f/2 and [A1, · · · , Af ] means anti-
symmetrization.
By using the gamma matrices, we have
Γ11 ≡ iΓ1Γ2 · · ·Γ10, (A.5)
(Γ11)2 = 132 , (A.6)
by which we define the projection operator
P± =
1
2
(132 ± Γ11) . (A.7)
There exists a charge conjugation matrix which relates ΓA to ΓA∗. The latter forms
an equivalent representation of the Clifford algebra:
ΓA = −C−1ΓA∗C . (A.8)
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The matrix C has the following properties:
CT = −C , C† = C−1. (A.9)
(A.8) is rewritten as
(ΓA)T = −CΓAC−1. (A.10)
For Γ11 and P±, we have
(Γ11)T = −CΓ11C−1, (A.11)
(P±)T = CP∓C−1. (A.12)
Let us give representation of the gamma matrix. We take the Γ11 to be diagonal:
Γ11 =
(
116 0
0 −116
)
. (A.13)
In this case, the gamma matrices are block off-diagonal. They are constructed by a tensor
product of the gamma matrices of SO(6) and SO(4) (for instance, see [43]):
ΓA =
(
0 (σA)αβ
(σ†A)
αβ 0
)
, σTA = σA , A = 1, · · · , 10 , α, β = 1, · · · , 16 ,
(A.14)
where the σA’s are the gamma matrices on the Weyl spinor basis. The generators of the
SO(10) group are defined by
σAB =
1
4
(σAσ
†
B − σ†AσB) , σ¯AB =
1
4
(σ†AσB − σAσ†B) . (A.15)
The charge conjugation matrix C takes the form
C =
(
0 C
−C 0
)
, (A.16)
where C is the 16× 16 matrix given by
C =
(
0 −14 ⊗ iσ2
14 ⊗ iσ2 0
)
= CT = C−1 = C† . (A.17)
B Deriving (3.22) from (3.21)
To derive (3.22) from (3.21), we use the Fierz identity (for instance, see [39–42]). In the
Dirac representation of SO(10), the Fierz identity is described by
ψ¯aλb =
1
32
5∑
n=0
an
n!
(ΓA1···An)
a
b(λΓ
A1···Anψ¯) , a, b = 1, · · · 32 , (B.1)
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HHHHHm
n
0 1 2 3 4 5
0 1 10 −45 −120 210 252
1 1 −8 −27 48 42 0
2 1 6 −13 −8 −14 −28
3 1 −4 −3 −8 −14 0
4 1 2 3 8 2 12
5 1 0 5 0 10 0
Table 2. Coefficients c(n,m).
where the indices Ai(i = 1, · · · 5) run from 1 to 10 and ψ¯, λ are the Dirac spinors of SO(10).
In this appendix, we express the summation over the indices Ai by contraction with upper
and lower indices. The coefficients an are given by
a0 = a1 = a4 = 2 , a2 = a3 = −2 , a5 = 1 . (B.2)
For the gamma matrix there is a useful identity:
ΓA1···AnΓB1···BmΓ
A1···An = n!c(n,m)ΓB1···Bm . (B.3)
The value of the coefficient c(n,m) is given in table 2. We also use the following identity:
ψcΓA1A2A3ψ = 0 , (B.4)
where
ψc = ψ
TC . (B.5)
It is easy to prove this identity by taking transposition of the left-hand side of (B.4) and
using (A.10). The following identity is also useful:
ψcΓA1···AnP
+ψ = 0 . (B.6)
This holds for any Dirac spinor of SO(10) with n = 3. This is checked by transposition of
the left-hand side of (B.6) with (A.10). On the other hand, for the Dirac spinor satisfying
ψ = P+ψ, (B.6) also holds for n = 2m with integer m. One can prove it by using (B.5)
and (A.10). The other useful identity for any Dirac spinor is
(ψcΓ
+
Aψ)(λ¯
TΓ+Aψ) = 0 . (B.7)
This is proved as follows. With the use of the Fierz identity (B.1), we have
(ψcΓ
+
Aψ)(λ¯
TΓ+Aψ) =
1
32
5∑
n=0
an(ψcΓA1···Anψ)(λ¯
TΓ+BΓ
A1···AnΓB+ψ) . (B.8)
The first parenthesis in the right-hand side vanishes for n = 3 because of (B.4). By using
{ΓA,Γ11} = 0 and (B.3), it is seen that the last parenthesis in the right-hand side is not
vanishing only for n = 1 case. Consequently in the summation n = 1 part only remains
– 22 –
J
H
E
P
0
7
(
2
0
1
5
)
1
6
9
to be nonzero and the right-hand side just gives the same form with the left-hand side
multiplied by −1/2. It leads to (B.7).
Now let us apply these identities to (3.21). Each term in the right-hand side in (3.21)
becomes
(φcΓABP
−ε¯c)(ΓABP+φ)a =
1
32
{
− 45a0c(2, 0)(φcP+φ)(P−ε¯c)a
− 27a1c(2, 1)(φcΓAP+φ)(ΓAP−ε¯c)a
+
a5
4!
c(2, 5)(φcΓ(5)P
+φ)(Γ(5)P
−ε¯c)a
}
, (B.9)
(φcP
−ε¯c)(P+φ)a =
1
32
{
a0(φcP
+φ)(P−ε¯c)a + a1(φcΓAP+φ)(ΓAP−ε¯c)a
+
a5
5!
(φcΓ(5)P
+φ)(Γ(5)P
−ε¯c)a
}
, (B.10)
where we have used (B.3). Note that since φ = P+φ, we have also used (B.6). Substitut-
ing (B.9) and (B.10) into (3.21), it is seen that the last terms in (B.9) and (B.10) cancel
and (3.21) finally becomes (3.22).
C Tangent bundle over E6(−14)/SO(10)× U(1) and the Legendre trans-
formation
In this section, we derive the tangent bundle action for the non-compact exceptional HSS
E6(−14)/SO(10)×U(1) by using the general formula (2.27). First we need to calculate the
first-order differential operator (2.25) which is for the E6(−14)/SO(10)×U(1) case:
RΣ,Σ¯ = −
1
2
ΣαΣ¯
βΣγR
α γ
β δ(g
−1)δ
∂
∂Σ
. (C.1)
Since a symmetric space is homogeneous, it is sufficient to perform the calculations of our
interest at the origin, Φ = 0. By using the (3.33) and (3.34), the operator (C.1) is then
written by
RΣ,Σ¯
∣∣
Φ=Φ¯=0
= −|Σ|2Σβ ∂
∂Σβ
+
1
4
∑
A
(ΣTCσ†AΣ)(σAC†)βγΣ¯γ
∂
∂Σβ
, (C.2)
where |Σ|2 = ΣαΣ¯α.
Let us calculate (2.27). Substituting (C.2) into (2.27), we have
L(Φ = Φ¯ = 0,Σ, Σ¯)
= −gαβΣ¯β
eRΣ,Σ¯ − 1
RΣ,Σ¯
Σα
∣∣∣∣
Φ=Φ¯=0
= −Σ¯α
(
1 +
1
2
RΣ,Σ¯ +
1
3!
(RΣ,Σ¯)2 + · · ·
)
Σα
∣∣∣∣
Φ=Φ¯=0
= −|Σ|2 + 1
2
|Σ|4 − 1
8
|ΣCσ†AΣ|2 −
1
3
|Σ|6 + 1
6
|Σ|2|ΣCσ†AΣ|2 + · · · , (C.3)
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where |ΣCσ†AΣ|2 =
∑
A(Σ¯σAC†Σ¯)(ΣCσ†AΣ). Here we have used the identity∑
A
(σ†AΣ)(ΣCσ†AΣ) = 0 . (C.4)
This follows from the Fierz identity (B.1). From the expression (C.3) we find the following
form for the tangent space part
L(Φ = Φ¯ = 0,Σ, Σ¯) = − ln
(
1 + |Σ|2 + 1
8
|ΣTCσ†AΣ|
)
. (C.5)
One can extend this expression to one at an arbitrary point Φ of the base manifold by
making the replacement
|Σ|2 → gαβΣαΣ¯β ,
1
8
|ΣTCσ†AΣ|2 →
1
2
(gαβΣαΣ¯
β)2 − 1
4
Rα γβ δΣαΣ¯
βΣγΣ¯
δ. (C.6)
Then we obtain the action of the tangent space part
L(Φ, Φ¯,Σ, Σ¯) = − ln
(
1 + gαβΣαΣ¯
β +
1
2
(gαβΣαΣ¯
β)2 − 1
4
Rα γβ δΣαΣ¯
βΣγΣ¯
δ
)
. (C.7)
This is the correct result for L. Indeed, one can check that (C.7) satisfies the equation (2.28)
which reads in the present case,
1
2
Rα γβ δ(g
−1)δ
∂L
∂Σ
ΣαΣγ +
∂L
∂Σ¯β
+ gαβΣα = 0 . (C.8)
Let us briefly prove that (C.7) satisfies this equation. It is again sufficient to consider at
Φ = 0. In this case, the first term of the left-hand side (C.8) becomes
1
2
Rα γβ δ(g
−1)δ
∂L
∂Σ
ΣαΣγ
∣∣∣∣
Φ=Φ¯=0
= − 1
Z
(
2Σβ |Σ|2 + 1
4
Σβ |ΣTCσ†AΣ|2 −
1
2
∑
A
(σAC†Σ¯)β(ΣTCσ†AΣ)
)
, (C.9)
Z ≡ 1 + |Σ|2 + 1
8
|ΣTCσ†AΣ|2, (C.10)
where we have used (C.4). This exactly cancels against other terms in (C.8).
Next we derive the N = 2 SUSY NLSM on the cotangent bundle over E6(−14)/SO(10)×
U(1) from (C.7) by using the Legendre transformation. We consider the first order ac-
tion (2.15), which in the present case is written by
S =
∫
d8z
{
K(Φ, Φ¯)− ln
(
1 + gαβUαU¯
β +
1
2
(gαβUαU¯
β)2 − 1
4
Rα γβ δUαU¯
βUγU¯
δ
)
+ UαΨ
α + U¯αΨ¯α
}
. (C.11)
Let us eliminate U and U¯ . As in the case of the tangent bundle, we again consider the
action at Φ = 0 since the base manifold is homogeneous. Then, the action (C.11) is
S =
∫
d8z(− ln Ω + Uαψα + U¯αψ¯α) , (C.12)
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where ψ is a cotangent vector at Φ = 0 and
Ω = 1 + |U |2 + 1
8
|UTCσ†AU |2, (C.13)
with
|U |2 = U¯TU , (C.14)
|UTCσ†AU |2 =
∑
A
(UTCσ†AU)(U¯TσAC†U¯) . (C.15)
The equations of motion for U and U¯ are
Uα +
∑
A(σAC†U¯)α(UTCσ†AU)/4
Ω
= ψ¯α , (C.16)
U¯α +
∑
A(Cσ†AU)α(U¯TσAC†U¯)/4
Ω
= ψα. (C.17)
These equations yield
ψ¯TCσ†Aψ¯ =
UTCσ†AU
Ω
, (C.18)
ψTσAC†ψ = U¯
TσAC†U¯
Ω
, (C.19)
ψ¯Tψ ≡ |ψ|2 = 1
Ω2
(
|U |2 + 1
2
|UTCσ†AU |2 +
1
8
|U |2|UTCσ†AU |2
)
. (C.20)
From these equations we have
1
4
− |ψ|2 + 1
2
|ψTσAC†ψ|2 =
(
1
2
− |U |
2
Ω
)2
, (C.21)
where |ψTCσ†Aψ|2 =
∑
A(ψ
TCσ†Aψ)(ψ¯TσAC†ψ¯). From (C.13) it is seen that the correspon-
dence between the tangent and cotangent vectors should be such that U → 0 ⇔ ψ → 0.
This means that we have to choose the following solution of (C.21).
|U |2
Ω
=
1
2
−
√
1
4
− |ψ|2 + 1
2
|ψTσAC†ψ|2 . (C.22)
From the above result we obtain Ω in terms of ψ and its conjugate. By definition of
Ω (C.13), we have
1
Ω
=
1
Ω2
+
|U |2
Ω2
+
1
8
∣∣∣∣ψTσAC†ψΩ
∣∣∣∣2. (C.23)
This is equivalent to (
1
Ω
− Λ
2
)2
=
Λ2
4
− 1
8
|ψTσAC†ψ|2, (C.24)
where
Λ =
1
2
+
√
1
4
− |ψ|2 + 1
2
|ψTσAC†ψ|2 . (C.25)
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Since we should have Ω → 1 when ψ → 0, it is necessary to choose the following solution
for (C.24):
1
Ω
=
Λ
2
+
√
Λ2
4
− 1
8
|ψTσAC†ψ|2 = Λ
2
+
1
2
√
Λ− |ψ|2 . (C.26)
The above result is of one at the origin Φ = 0 of the base manifold. In order to extend to
one at an arbitrary point Φ 6= 0, we have to make the following replacement:
|ψ|2 → (g−1)αβΨβΨ¯α ,
1
8
|ψTσAC†ψ|2 → 1
2
(
(g−1)αβΨ
βΨ¯α
)2 − 1
4
R˜α γβ δΨ¯αΨ
βΨ¯γΨ
δ, (C.27)
where R˜α γβ δ = (g
−1)αα′(g
−1)β
′
β(g
−1)γγ′(g
−1)δ′δR
α′ γ′
β′ δ′ . Substituting (C.16), (C.17)
and (C.26) into (C.11), we obtain the cotangent bundle action Sctb
Sctb =
∫
d8z
(
K(Φ, Φ¯) +H(Φ, Φ¯,Ψ, Ψ¯)) , (C.28)
where
H(Φ, Φ¯,Ψ, Ψ¯) = ln
(
Λ +
√
Λ− (g−1)αβΨβΨ¯α
)
− 2Λ + 4
(
(g−1)αβΨ
βΨ¯α
)2 − 2R˜α γβ δΨ¯αΨβΨ¯γΨδ
Λ +
√
Λ− (g−1)αβΨβΨ¯α
, (C.29)
and
Λ =
1
2
+
√
1
4
− (g−1)αβΨβΨ¯α + 2
(
(g−1)αβΨβΨ¯α
)2 − R˜α γβ δΨ¯αΨβΨ¯γΨδ . (C.30)
The cotangent space part (C.29) coinsides with (3.42) up to the irrelevant constant, which
is a conseuquence of deformation of the contour from C to −C ′ in (2.55).
Finally let us check that the cotangent bundle action (C.29) satisfies the equa-
tion (2.32). In the present case, the equation takes the following form:
Σαg
α
β −
1
2
ΣαΣγR
α γ
β δ(g
−1)δΨ
 = Ψ¯β . (C.31)
To prove this, we again set Φ = 0. Then, the left-hand side in (C.31) becomes
Σβ − 1
2
ΣαΣγR
α γ
β δ(g
−1)δΨ

∣∣∣∣
Φ=0
(C.32)
= Σβ − 1
2
(
2(Σαψ
α)Σβ − 1
2
∑
A
(σAC†ψ)β(ΣTCσ†AΣ)
)
=
1
Ω
(
Σβ +
1
4
∑
A
(σAC†Σ¯)β(ΣTCσ†AΣ)
)
,
where in the second equality we have used (C.17) to express ψ in terms of Σ. Taking (C.13)
into account, we see that the expression obtained is exactly Ψ¯β at Φ = 0.
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D Tangent bundle over E7(−25)/E6 ×U(1)
In this appendix, we derive the tangent bundle action with the use of the formula (2.27).
First we calculate the differential operator (2.25), which is written in the present case
RΣ,Σ¯ = −
1
2
ΣiΣ¯jΣ
kR j li k (g
−1) ml
∂
∂Σm
, (D.1)
where (g−1)ji = (g
j
i )
−1 is the inverse metric of g ji . We set φ = φ¯ = 0 as in the
E6(−14)/SO(10)×U(1) case. Substituting (4.27) and (4.28) into (D.1), we have
RΣ,Σ¯
∣∣
φ=φ¯=0
= −|Σ|2Σj ∂
∂Σj
+
1
2
(ΓmikΣ
iΣk)ΓmjlΣ¯j
∂
∂Σl
, |Σ|2 := ΣiΣ¯i . (D.2)
We are ready to calculate the tangent space part L. Starting with (2.27), we have
L(φ = φ¯ = 0,Σ, Σ¯) = −e
RΣ,Σ¯ − 1
RΣ,Σ¯
g ji Σ¯jΣ
i
∣∣∣∣
φ=φ¯=0
= −
(
1 +
1
2
RΣ,Σ¯ +
1
3!
(RΣ,Σ¯)2 + · · ·
)
g ji Σ¯iΣ
j
∣∣∣∣
φ=φ¯=0
= −|Σ|2 + 1
2
|Σ|4 − 1
4
(ΓijkΣ
jΣk)(ΓilmΣ¯lΣ¯m)− 1
3
|Σ|6
+
1
4
|Σ|2(ΓijkΣjΣk)(ΓilmΣ¯lΣ¯m)
+
1
36
(ΓijkΣ
iΣjΣk)(ΓlmnΣ¯lΣ¯mΣ¯n) + · · · . (D.3)
From (D.3), we conjecture the form of the tangent space part
L(φ = φ¯ = 0,Σ, Σ¯) (D.4)
= − ln
(
1 + |Σ|2 + 1
4
(ΓijkΣ
jΣk)(ΓilmΣ¯lΣ¯m) +
1
36
(ΓijkΣ
iΣjΣk)(ΓlmnΣ¯lΣ¯mΣ¯n)
)
.
The tangent space part at an arbitrary point of the base manifold is obtained by the
following replacements:
|Σ|2 → g ji ΣiΣ¯j , (D.5)
1
4
(ΓijkΣ
jΣk)(ΓilmΣ¯lΣ¯m)→ 1
2
(g ji Σ
iΣ¯j)
2 − 1
4
R j li k Σ
iΣ¯jΣ
kΣ¯l , (D.6)
1
36
(ΓijkΣ
iΣjΣk)(ΓlmnΣ¯lΣ¯mΣ¯n)→ 1
6
(g ji Σ
iΣ¯j)
3 − 1
4
(g ji Σ
iΣ¯j)(R
m n
k l Σ
kΣ¯mΣ
lΣ¯n)
+
1
12
|g ji R k mj l Σ¯kΣlΣ¯m|2, (D.7)
which lead to
L(φ, φ¯,Σ, Σ¯) = − ln
(
1 + g ji Σ
iΣ¯j +
1
2
(g ji Σ
iΣ¯j)
2 − 1
4
R j li k Σ
iΣ¯jΣ
kΣ¯l
+
1
6
(g ji Σ
iΣ¯j)
3 − 1
4
(g ji Σ
iΣ¯j)(R
m n
k l Σ
kΣ¯mΣ
lΣ¯n)
+
1
12
|g ji R k mj l Σ¯kΣlΣ¯m|2
)
. (D.8)
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For the consistency check, we can prove that this satisfies the equation (2.28), which
is in the present case
1
2
R j li k (g
−1) ml
∂L
∂Σm
ΣiΣk +
∂L
∂Σ¯j
+ g ji Σ
i = 0 . (D.9)
The first term in (D.9) at φ = φ¯ = 0 is calculated as
1
2
R j li k (g
−1) ml
∂L
∂Σm
ΣiΣk
∣∣∣∣
φ=φ¯=0
= − 1
2Z
(
2|Σ|2Σj − (ΓmikΣiΣk)ΓmjlΣ¯l
+
1
18
Σj |ΓilmΣlΣm|2 − 1
6
(ΓjpqΣ¯pΣ¯q)(ΓklmΣ
kΣlΣm)
)
, (D.10)
Z ≡ 1 + |Σ|2 + 1
4
|ΓijkΣjΣk|2 + 1
36
|ΓijkΣiΣjΣk|2, (D.11)
where we have used the Springer relation (4.8). One can see that this term exactly cancels
against the rest of terms in (D.9). It should be emphasized that it is technically difficult
to perform the Legendre transformation to obtain the cotangent bundle action as in the
E6(−14)/SO(10)×U(1). Therefore, we have used the formula (2.55) to obtain the cotangent
bundle action instead of using the Legendre transformation.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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